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We study the thermalization of a composite quantum system consisting of several subsystems,
where only a small one of the subsystem contacts with a heat bath in equilibrium, while the rest
of the composite system is contact free. We show that the whole composite system still can be
thermalized after a relaxation time long enough, if the energy level structure of the composite
system is connected, which means any two energy levels of the composite system can be connected
by direct or indirect quantum transitions. With an example where an multi-level system interacts
with a set of harmonic oscillators via non-demolition coupling, we find that the speed of relaxation to
the global thermal state is suppressed by the multi-Franck-Condon factor due to the displacements
of the Fock states when the degrees of freedom is large.
PACS numbers: 03.65.Yz, 05.30.-d
I. INTRODUCTION
Isolated quantum systems evolve unitarily according
to the Schrödinger equation. When the quantum system
is immersed in a canonical heat bath with a temperature
T , after a relaxation time long enough, it would forget
all the initial state information and achieve a canonical
state due to the weak interaction with the environment.
This process is called canonical thermalization [1].
Now we consider the thermalization process for a com-
posite system, which contains several subsystems, where
only a small subsystem is contacted with environment
[Fig. 1(a)]. We show that if the energy level structure of
the composite system is connected, i.e., there exists direct
or indirect quantum transitions between any two levels of
the system, the whole system would also be thermalized
to its canonical thermal state with the bath temperature
T . The contact of a small part would lead to the global
thermalization of the whole system, which is the same as
the case that all the subsystems contact with the same
heat bath. We call this process synchro-thermalization.
Especially, we consider the case that the interactions be-
tween each subsystems are non-demolition type, where
the interaction coupling does not change the energy of
one of the subsystems [2, 3]. We will explicitly give
the condition when the whole composite system can be
synchro-thermalized.
On the first sight, this result seems rather counter-
intuitive, especially when we consider the case that the
rest part of the composite system, which does not con-
tact with the environment, may be quite large and even
tend to be infinite. To solve this puzzle, we consider an
example where an N -level system interacts with a set of
M harmonic oscillators via non-demolition coupling. We
show that the relaxation rate is suppressed by a multi-
Franck-Condon factor [4–6]: when the degrees of freedom
become large, the speed of global relaxation to the ther-
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FIG. 1: (Colored online) Demonstration of a composite sys-
tem consisting two interacting parts. (a) Only Sa contacts
with a heat bath with temperature T , while Sb does not. (b)
Both parts contact with the heat bath directly.
mal state would tend to be zero. That means, the larger
the composite system is, the harder it is to thermalize it.
And we call this effect the Franck-Condon blockade [7]
of thermalization.
We arrange our paper as follows. In Sec. II, we give
a review on the general situation of thermalization. In
Sec. III, we show the connectivity and thermalization
of composite systems. In Sec. IV, we discuss a specific
model where the composite system consists an N -level
system and an harmonic oscillator. In Sec. V, we show
how the thermalization rate is blockaded by the Franck-
Condon factor when the scale of the subsystem free of
contact become large. Finally we draw summary in
Sec.VI.
II. THERMALIZATION OF A GENERAL
SYSTEM
In order to conveniently use the notations in discus-
sions about the synchro-thermalization for a composite
system, we review some previous result about the ther-
malization of a general system first. We write down the
2Hamiltonian for the system in the eigen basis {|n〉} as
follows,
HˆS =
∑
n
εn|n〉〈n|, (1)
where εn is the corresponding eigen energy.
The system is contacted with a heat bath via the in-
teraction
HˆSB =
∑
α
Aˆα ⊗ Rˆα, (2)
where Aˆα and Rˆα are operators of the system and the
heat bath. In the interaction picture of HˆS + HˆB , the
system operator Aˆα(t) =
∑
ω A˜α(ω)e
−iωt is decomposed
according to the oscillation frequencies, and
A˜α(ω) =
∑
εn−εm=ω
〈m|Aˆα|n〉|m〉〈n| (3)
corresponds to the spectral decomposition of system op-
erator Aˆα(t) with respect to the eigen basis {|n〉}.
With the Born-Markovian approximation, the master
equation for this composite system [8],
ρ˙ =
∑
ω,αβ
γαβ(ω)
(
A˜β(ω)ρA˜
†
α(ω)−
1
2
{A˜†α(ω)A˜β(ω), ρ}+
)
,
is used to describe the open system dynamics. Here we
omitted the Lamb shift term which has no effect on the
thermalization. The generalized relaxation rates,
γαβ(ω) =
ˆ +∞
−∞
dτ eiωτ 〈Rˆ†α(τ)Rˆβ(0)〉, (4)
are defined by the bath correlation functions
〈Rˆ†α(τ)Rˆβ(0)〉.
According to the Born approximation, the heat bath
keeps unchanged, i.e., ρB(t) ≃ Z
−1
B exp[−βT HˆB]. Thus
the above finite temperature bath correlation functions
〈Rˆ†α(τ)Rˆβ(0)〉 satisfy the Kubo-Martin-Schwinger condi-
tion [9, 10]
〈Rˆ†α(τ)Rˆβ(0)〉 = 〈Rˆα(0)Rˆ
†
β(τ + iβT )〉. (5)
It is noticed that the generalized relaxation rates γαβ(ω)
satisfy the following relation,
γαβ(−ω) = e
−βTωγβα(ω), (6)
which is the key point to lead to detailed balance equi-
librium [11].
The dynamics of the population of the system, denoted
as Pn(t) := ρn,n(t), is decoupled from that of the off-
diagonal terms ρn,m(t), and can be described by the fol-
lowing Pauli master equation,
P˙n =
∑
m
W (n← m)Pm −W (m← n)Pn, (7)
FIG. 2: (Colored online) Transition structure of the energy
levels, (a) connected (b) disconnected.
where
W (n← m) =
∑
α,β
γαβ(εm − εn)〈m|Aˆα|n〉〈n|Aˆβ |m〉, (8)
andW (n← m) is the time-independent probability tran-
sition rate from |m〉 to |n〉. It follows from Eq. (6) that
the transition rates satisfies,
W (m← n)e−βT εn −W (n← m)e−βT εm = 0. (9)
The above derivations have been given in many liter-
atures [8]. Here we focus our attention on the transition
structure of the energy levels induced by the coupling to
the heat bath. We would show that whether the whole
system can be thermalized to its unique thermal state is
determined by the connectivity of the transition structure
of the energy levels.
If W (n← m) 6= 0, there exists direct probability tran-
sition between the two levels |n〉 ↔ |m〉 . When W (m←
n) = 0, though there is no direct transition between |n〉
and |m〉, the indirect transitions still may happen which
is mediated by some other levels |ki〉, that is, the proba-
bility transition between |n〉 and |m〉 can be completed by
a mediating path |n〉 ↔ |k1〉 ↔ |k2〉 ↔ · · · ↔ |kt〉 ↔ |m〉.
Here we use the concept of connectivity in topol-
ogy to describe such transition structure of the energy
levels. We say the two levels |n〉 and |m〉 are path-
connected, or connected by a path, if and only if there
exists a path, which is represented by an ordered series
{k1, k2, . . . , kt}, such that W (n ← k1) 6= 0, W (m ←
kt) 6= 0 and W (ki ← ki+1) 6= 0 for any i. We say
the energy structure of the whole system is connected,
if and only if any two energy levels are path-connected
[Fig. 2(a)], otherwise, we say the energy structure is dis-
connected [Fig. 2(b)].
Next, we study the thermalization of the system with
the consideration of topology mentioned above. Accord-
ing to Eq. (9), the equilibrium steady state requires that
[11–13]
W (n← m)Pm −W (m← n)Pn
=W (n← m)
[
Pm − e
−βT (εm−εn)Pn
]
= 0. (10)
If W (n ← m) 6= 0, i.e., there exists direct transition
between |n〉 and |m〉, so that
Pn : Pm = e
−βT εn : e−βT εm . (11)
3If W (n ← m) = 0, but |n〉 and |m〉 are connected by a
path, denoted as {k1, k2, . . . , kt}, we haveW (n← k1) 6=
0, W (m ← kt) 6= 0 and W (ki ← ki+1) 6= 0. Thus, with
the same reason as above, we have
Pn : Pk1 : · · · : Pkt : Pm
=e−βT εn : e−βT εk1 : · · · : e−βT εkt : e−βT εm . (12)
Therefore, when the energy structure of the system is
connected, the above proportion series includes all the
energy levels and that gives the canonical state
ρ =
∑
n e
−βT εn |n〉〈n|∑
n e
−βT εn
= Z−1e−βT HˆS . (13)
When the energy level structure is not connected, but
the whole Hilbert space can be decomposed into two con-
nected subspaces V1 and V2 [Fig. 2(b)], e.g., spanned by
{|n1〉} and {|n2〉} respectively, we have two independent
series,
Pn1 : Pm1 : . . . = e
−βT εn1 : e−βT εm1 : . . . , (14a)
Pn2 : Pm2 : . . . = e
−βT εn2 : e−βT εm2 : . . . , (14b)
but we cannot determine further relation between the
two series, which should be determined from the initial
state. Denoting pi as the probability projected into the
subspace Vi from the initial state, it can be verified that
ρ = p1ρ
th
1 + p2ρ
th
2 (15)
is the steady state, where
ρthi := Z
−1
i
∑
ni
e−βT εni |ni〉〈ni| (16)
can be regarded as the partial “thermal state” for the
connected subspace Vi.
It follows from Eq. (15) that part of the initial state
information of the system can be preserved if the energy
level structure is not connected. This is different from
the connected case where all the initial state information
is erased and the system is fully thermalized in the steady
state.
Now we summarize the above results about the ther-
malization process as the following proposition.
Proposition: If the energy level structure of the sys-
tem is connected, the system can be thermalized to its
canonical thermal state, when it contacts with a equilib-
rium heat bath.
III. CONNECTIVITY OF COMPOSITE
SYSTEM AND CANONICAL THERMALIZATION
A. Connected case
Now we study the synchro-thermalization for a com-
posite system, which consists two subsystems Sa and Sb
coupled with each other. According to the proposition
in the last section, we need to study whether the en-
ergy level structure of the composite system is connected.
Generally, the Hamiltonian for the whole system is
HˆS = Hˆa + Hˆb + Vˆab, (17)
where Hˆa =
∑
p
εa
p
|p〉a〈p| and Hˆb =
∑
n ǫ
b
n|n〉b〈n|. We
denote the eigen state of Hˆa, Hˆb by {|p〉a}, {|n〉b}, and ε
a
p
,
ǫbn are the corresponding eigen energies. The Hamiltonian
of the composite system HˆS is diagonalized as HˆS =∑
n
En|n〉〈n|, where |n〉 is usually some superposition of
the product states |p〉a ⊗ |n〉b,
|n〉 =
∑
p,n
Ψn
p,n|p〉a|n〉b. (18)
And En is the eigen energy of the composite system.
The subsystem Sa contacts with a heat bath via the
following interaction, HˆSB =
∑
α Aˆα⊗Rˆα, where Aˆα and
Rˆα are operators of Sa and the heat bath respectively.
We suppose that Sb does not contact with any heat bath
directly.
Aˆα is expanded in the eigen basis of HˆS as Aˆα =∑
n,m〈n|Aˆα|m〉 |n〉〈m|. Then the transition rate of the
composite system becomes
W (n←m) =
∑
α,β
γαβ(Em − En)〈m|Aˆα|n〉〈n|Aˆβ |m〉.
For example, we consider the case that Sa is coupled
with Sb via the interaction of the non-demolition type,
i.e., [Vˆab, Hˆa] = 0, which means that the energy of Sa
does not change due to such interaction with Sb in the
absence of the environment. In this case, the eigen state
of the composite system has the form of |p, n〉 = |p〉a ⊗
|φ
(p)
n 〉b, where |φ
(p)
n 〉b is the eigen state of the effective
p-branch Hamiltonian,
Hˆ
(p)
b := Hˆb + 〈p|Vˆab|p〉a, (19)
of the subsystem Sb. The original energy level |p〉a is
splitted into some sub levels |p, n〉 due to the interaction.
We can write down the transition rates of the composite
system
W (pn← qm) =
∑
α,β
γαβ(Eqm − Epn) (20)
× |〈φ(p)n |φ
(q)
m 〉|
2〈p|Aˆα|q〉〈q|Aˆβ |p〉.
In most cases,W (pn← qm) dose not vanish, since the
matrix elements 〈m|Aˆα|n〉 do not vanish simultaneously
when the indices m, n, α take values in their domains.
If the original energy levels |p〉 of Sa are connected in
absence of the interaction with Sb, the energy levels of
the coupled composite system |p, n〉 are still connected
[Fig. 3(a)]. Therefore, according to the proposition in the
last section, the whole composite system can be thermal-
ized simultaneously to the canonical state
ρth = Z
−1 exp[−βT (Hˆa + Hˆb + Hˆab)].
4FIG. 3: (Colored online) Demonstration for the connectivity
of the sideband states of a composite system, (a) connected
(b) disconnected.
B. Disconnected case
Now we present an example where the energy structure
of the composite system is not connected. We consider
the interaction Hamiltonian Vˆab of non-demolition type
for both Sa and Sb, i.e., [Vˆab, Hˆa/b] = 0. In this case, Sa
and Sb do not exchange energy with each other, and Vˆab
has the form of
Vˆab =
∑
p,n
gp,n|p〉a〈p| ⊗ |n〉b〈n|, (21)
and the eigenstates of Hˆab are |p, n〉 = |p〉a ⊗ |n〉b, with
eigen energy Epn = ε
a
p
+ ǫbn+ gp,n. We obtain the transi-
tion rates of the composite system as
W (pn← qm) =
δmn
∑
α,β
γαβ(Eqm − Epn)〈p|Aˆα|q〉〈q|Aˆβ |p〉.
Notice that γαβ(ω) is usually a smooth function and
varies quite slowly with ω, thus we have W (pn← qm) ≃
δmnW (p← q), which means that if the states |p〉 and |q〉
of Sa are connected, the sideband states |p, n〉 and |q, n〉
are also connected, but |p, n〉 and |q,m〉 with m 6= n are
not, as demonstrated in Fig. 3(b). As a result, the en-
ergy structure of the composite system is not connected.
According to the discussion in the last section, the final
steady state of the composite system is ρ =
∑
n pnρ
th
n ,
where
ρthn = Z
−1
n
∑
p
e−βTEpn |p, n〉〈p, n|, (22)
and the probabilities pn are determined by the initial
state. Therefore, the whole composite system cannot be
synchro-thermalized to the canonical state in this situa-
tion.
For example, we consider a two-level qubit coupled to
a resonator via the following Hamiltonian,
HˆQ+L = HˆQ + HˆR + VˆQR (23)
= −
εQ
2
σˆz + ωLaˆ
†aˆ+ g σˆz · aˆ†aˆ,
and we have [HˆQ, VˆQR] = [HˆR, VˆQR] = 0. This model
can be implemented by a Josephson qubit coupled to a
superconducting resonator [14, 15], or by an atom inside
an optical cavity [16], in the dispersive regime with large
detuning. The resonator is contact free, while the qubit
is contacted with a heat bath via
HˆSB = σˆ
+ ·
∑
ηk bˆk + σˆ
− ·
∑
η∗k bˆ
†
k.
The eigen states of HˆQ+L are {|0, n〉, |1, n〉}. We can
check that transition happens only between |0, n〉 and
|1, n〉, but does not happen between |p, n〉 and |q,m〉 for
m 6= n. The energy structure of the composite system
is disconnected as Fig. 3(b). For this system, the steady
state is
ρth =
∑
n
pnρ
th
n , (24)
ρthn =
1
1 + eβT εQ
|0, n〉〈0, n|+
eβT εQ
1 + eβT εQ
|1, n〉〈1, n|,
and pn is determined by the initial condition.
IV. SYNCHRO-THERMALIZATION OF
COMPOSITE SYSTEM WITH
NON-DEMOLITION COUPLING
In this section, we consider an example of this synchro-
thermalization of a composite system consisting of an N -
level system and an harmonic oscillator interacting with
each other via non-demolition coupling. This composite
system is described by the following Hamiltonian,
HˆS = HˆNLS + HˆHO + VˆN−H (25)
=
N−1∑
p=0
ǫp|p〉〈p|+Ωaˆ
†aˆ+
∑
p
ξp|p〉〈p|
(
aˆ+ aˆ†).
The N -level system is contacted with a heat bath.
However, the harmonic oscillator does not couple to the
environment directly. In the weak coupling limit, the
heat bath could be modeled as a collection of harmonic
oscillators linearly coupled to the system [17]. Thus the
N -level system exchanges energy with a boson bath via
the following coupling,
HˆSB =
∑
k
N−1∑
p>q
gk
(
|p〉〈q| bˆk + |q〉〈p| bˆ
†
k), (26)
while the bath Hamiltonian reads HˆB =
∑
k ωkbˆ
†
k bˆk.
Here we make a simplification that gk only depend on
the bath mode k but not on the energy level p, q, with-
out loss of generality.
The Hamiltonian of the composite system Eq. (25) is
diagonalized with the help of N sets of displaced har-
monic oscillator operators corresponding to the coupling
5with each energy level |p〉 [2, 3],
HˆS =
N−1∑
p=0
|p〉〈p|
[
Ω Dˆ†(αp)aˆ
†aˆDˆ†(αp) + εp
]
, (27)
where αp = ξp/Ω and εp = ǫp−ξ
2
p
/Ω are the displacement
and energy shift respectively. And we define the displace-
ment operator as Dˆ(αp) = exp[αp(aˆ
†−aˆ)], which satisfies
Dˆ†(αp)aˆDˆ(αp) = aˆ+ αp. Then we obtain the eigenstate
of HˆS as
|p, n〉 = |p〉 ⊗ [Dˆ†(αp)|n〉b], (28)
and eigen energy is Ep,n = nΩ+ εp. Here |n〉b is the Fock
state of the original harmonic oscillator. We notice that
each Fock state |n〉b is splitted into N levels |p, n〉 and
forms a side-band structure caused by the coupling with
the N -level system.
Under the composite eigen basis {|p, n〉} of HˆS , the
interaction Hamiltonian with the bath HˆSB is expressed
as
HˆSB =
∞∑
m,n=0
N−1∑
p>q
〈np|mq〉 |p, n〉〈q,m|
(∑
k
gkbˆk
)
+ h.c.
(29)
Here, |np〉 := Dˆ
†(αp)|n〉b is the displaced Fock state ac-
cording to the coupling with |p〉.
In comparison with the original system-bath coupling
Eq. (26), the effective coupling strengths of the composite
system to the heat bath are modified by a Franck-Condon
factor 〈np|mq〉, which is the overlap integral of the wave
function of displaced Fock states [4–6] (Fig. 4). As shown
as follows, the Franck-Condon factor suppresses the re-
laxation rates.
For the boson bath with the coupling spectrum
J(ω) := 2π
∑
k
|gk|
2
δ(ω − ωk), ω ≥ 0, (30)
the Born-Markovian approximation gives a master equa-
tion for the dynamics of this composite system [8],
ρ˙ =
q 6=p∑
pn,qm
Γ(∆pn,qm)
(
Lˆpn,qmρLˆ
†
pn,qm
−
1
2
{Lˆ†
pn,qmLˆpn,qm, ρ}
)
, (31)
where Lˆpn,qm := |pn〉〈qm| is the Lindblad operator, and
∆pn,qm := Epn − Eqm. Γ(∆pn,qm) is the dissipation rate
between the two levels |p, n〉 and |q,m〉, and
Γpn,qm(ω) =
{
|〈np|mq〉|
2 J(ω)N(ω), ω ≥ 0
|〈np|mq〉|
2
J(|ω|)[N(|ω|) + 1], ω < 0
The Franck-Condon factor also appears in this dissipa-
tion rate. The norm |〈np|mq〉| ≤ 1 gives that the relax-
ation rates are suppressed by the Franck-Condon factor
(Fig. 4).
FIG. 4: (Colored online) (a) Franck-Condon overlap integral
for the displaced Fock states (b) Numerical demonstration for
|〈np|mq〉| = |〈n|Dˆ(αq − αp)|m〉|, where we set αq − αp = 1.5.
The rate equation about the dynamics of the energy
population Ppn := 〈pn|ρ|pn〉,
P˙pn =
q 6=p∑
q,m
W (pn← qm)Pqm −W (qm← pn)Ppn, (32)
is obtained from the above master equation, which is
decoupled from that of the off-diagonal terms. Here
W (pn ← qm) = Γ(∆pn,qm) is the population transition
rate. The steady state condition requires P˙pn = 0, which
gives,
|〈np|mq〉|
2
J(∆pn,qm)×[
N(∆pn,qm)Pqm−
(
N(∆pn,qm) + 1
)
Ppn
]
= 0,
for all Epn > Eqm with p 6= q.
For any two different levels |p, n〉 and |q,m〉, where
p 6= q, we haveW (pn← qm) 6= 0. Thus, under the medi-
ation of the environment, the eigenstates of the composite
system |pn〉 are connected. And the steady population of
each two eigenstates satisfies the Boltzmann distribution
Ppn : Pqm = e
−βTEpn : e−βTEqm .
Therefore, the whole composite state can be stabilized
to its canonical thermal state ρth = Z
−1 exp[−β(HˆNLS+
HˆHO + VˆN−H)] when t → ∞. The composite system is
synchro-thermalized as we discussed in Sec. III-A.
V. FRANCK-CONDON BLOCKADE
We have shown that for a composite system, a partial
contact with a heat bath would cause global thermaliza-
tion. It seems that even if the subsystem contacted with
the heat bath is quite small while the rest part tends to
be infinitely large, the whole system still can be thermal-
ized globally. In this sense, the above result is rather
counter-intuitive.
In order to solve this puzzle, we consider the subsystem
Sb consists of M harmonic oscillators. M characterizes
the scale of the subsystem free of the coupling to the
bath. We will see that indeed the global thermalization
610
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FIG. 5: (Colored online) Demonstration for multi-Franck-
Condon factor |〈~np| ~mq〉| by product from the maximal matrix
elements of |〈ni|Dˆ(∆αi,qp|mi〉|. The displacements are sim-
ulated by M random number ∆αi,qp ∈ (−4, 4). We show 6
groups of samples, which decay exponentially with the system
scale M .
rate of the whole system decreases rapidly when the scale
of the whole composite system becomes large.
We generalize the above example by usingM harmonic
oscillators to replace the single one coupled to the N -level
system. Then the system Hamiltonian reads
HˆS =
N−1∑
p=0
ǫp|p〉〈p|+
M∑
i=1
Ωiaˆ
†
i aˆi
+
∑
i,p
ξi,p|p〉〈p|
(
aˆi + aˆ
†
i ), (33)
which is diagonalized as
HˆS =
∑
i,p
[
Ωi Dˆ
†(αi,p)aˆ
†
i aˆiDˆ
†(αi,p) + εi,p
]
|p〉〈p|, (34)
where αi,p and εi,p are the displacement and energy shift
according to the i-th harmonic oscillator and level-p, and
αi,p := ξi,p/Ωi, εi,p := ǫi,p−ξ
2
i,p/Ωi. We obtain the eigen-
state and eigen energy of HˆS , i.e.,
|p, ~n〉 = |p〉 ⊗
[ M⊗
i=1
Dˆ†(αi,p)|n〉i
]
, (35)
E~n,p =
∑
i
niΩi + εi,p.
where we use ~n := (n1, n2, . . . , nM ) to denote the quan-
tum numbers of M harmonic oscillators.
Correspondingly, the master equation are obtained
similarly to Eqs. (31, 32), and the thermalization rates
for this composite system are
Γp~n,q~m(ω) =
{
|〈~np| ~mq〉|
2 J(ω)N(ω), ω ≥ 0,
|〈~np| ~mq〉|
2
J(|ω|)[N(|ω|) + 1], ω < 0.
Comparing with the above case where Sb only contains
one harmonic oscillator, the only difference is that the
thermalization rates are modified with a multi-Franck-
Condon factor
|〈~np| ~mq〉|
2
=
M∏
i=1
|〈ni,p|mi,q〉|
2
. (36)
Since each term in the product |〈ni,p|mi,q〉|
2
< 1, when
M becomes large, the whole factor Γp~n,q~m(ω) tends to
vanish, and the thermalization rate approaches infinites-
imal. That means, the speed of relaxation to the global
thermal state is greatly suppressed by the multi-Franck-
Condon factor due to the displacements of the Fock states
when the degrees of freedom is large. We call this effect
Franck-Condon blockade [7].
Here we estimate the maximum of the multi-Franck-
Condon factor as,
|〈~np| ~mq〉|
2 ≤
M∏
i=1
max
{mi,ni}
{∣∣[Dˆ(∆αi,qp)]mi,ni∣∣2}
∼ exp[−M〈∆α2i,qp〉]
where∆αi,qp := αi,q−αi,p. The above inequality achieves
1 if and only if∆αi,qp = 0 for any p, q, i, namely, ξi,p ≡ ξi
does not depend on p [Eq. (33)]. In this case the N -level
system is indeed decoupled from the M oscillators, and
the interaction term only contributes displacements to
the oscillators. The thermalization speed returns to the
case for the thermalization of the N -level system alone,
regardless of the M oscillators. In usual cases, the multi-
Franck-Condon factor gives rise to a exponential sup-
pressing of the thermalization speed, which decays quite
fast with the scale M of the subsystem Sb (Fig. 5).
VI. SUMMARY
In this paper, we have studied the synchro-
thermalization for a composite system consisting of sev-
eral subsystems, where only one of the subsystems is con-
tacted with a canonical heat bath. It has been shown that
the partial contact of one subsystem to the heat bath
may stabilize the whole composite system to its canon-
ical thermal state. We clarified that the conditions for
the synchro-thermalization depends on the topology of
the eigen-energy-level structure, i.e., whether it is con-
nected or not. We illustrated our main results with an
N -level system coupled to several harmonic oscillators
via the non-demolition way.
Our arguments lead to a puzzle that the whole compos-
ite system can be thermalized even if the scale of the sub-
systems free of contact tends to be infinitely large. This
puzzle can be explicitly solved by our illustration with
the Franck-Condon blockade mechanism. When the de-
grees of freedom of the composite system becomes large,
the thermalization rate would approach zero. That is to
7say, it becomes more and more difficult to stabilize the
composite system to its canonical thermal state. Thus
this effect of synchro-thermalization is not easy to be ob-
served for large scale systems.
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